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Abstract. In this paper, we present a correct proof of an L^-inequality concerning 
the polar derivative of a polynomial with restricted zeros. We also extend Zygmund's 
inequality to the polar derivative of a polynomial. 
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1. Introduction and statement of results 

Let P(z) be a polynomial of degreen and let P'{£) be its derivative. Then according to the 
famous result known as Bernstein's inequality (see Q or [ 10 1) 

max IP' (z) I <nmax\P(z)\. (1) 

Inequality (1) is sharp and equality in (1) holds forP(z) = az",a ^ 0. Inequality (1) was 
extended to L ; ,-norm by Zygmund [11] who proved that if P(z) is a polynomial of degree 
n, then for p > 1, 

In "| l /P ( r 2n ~] l /P 

\P'(e ,e )\ p d9 \ <n\ \P{e e )\ p &e \ . (2) 



The result is sharp and equality in (2) holds for P(z) = az n ,a ^ 0. If we let p — > °° in (2), 
we get inequality (1). 

Let D a P(z) denote the polar differentiation of polynomial P(z) with respect to a real or 
complex number a. Then 

D a P{z)=nP{z) + {a-z)P'{z). 

The polynomial D a P{z)i& of degree at most n — 1 and it generalizes the ordinary derivative 
in the sense that 

uniformly on compact subsets of C. 
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As an extension of (1) to the polar derivative, Aziz and Shah (Theorem 4 with k = I, 
(5)) have shown that if P(z) is a polynomial of degree n, then for every complex number 
a with \a\ > 1, 

\D a P(z) | < n | a | max |P(z) | for | z | = 1 . (3) 

Inequality (3) becomes equality forP(z) = az",a ^ 0. 

If we divide the two sides of (3) by |«| and let \a\ — > °°, we get inequality (1). 

It is natural to seek Lp-norm analog of inequality (3). In view of the Lp-norm extension 
(2) of inequality (1), one would expect that if P(z) is a polynomial of degree n, then 

|D a P(e' e )|"d0j <"|a||y o |P(e' e )| p J (4) 

will be Lp-norm extension of (3) analogous to (2). But unfortunately inequality (4) is not, 
in general, true for every real or complex number a. To see this, we take in particular 
p = 2,P(z) = (1 — iz)" and a = j'jS where j3 is any positive real number such that 



Now 



so that 



i<k '-±^EH . ro 

in — 2 



D a P{z) =n{\- izf -ni(a-z)(l- iz)"- 1 
= n{\-iz) n -\l-ia) 



2k fin 

|D a P(e ,e )|''d0=n 2 |l-/a| 2 / \\-ie Q ^ n - x) Ad 

Jo 

= n 2 \\-ia\ 2 / 2?r 1(1 -/e' e )"- 1 | 2 de 



o 



= n 2 \\ -ia\ 2 



n-l 



{i^f-- 



d0 



= 2Kn 2 \\-ia\ 2 



1\ 2 / in 2 

n — 1 \ I n — \ 



n — \ \ (n — l x 2 

n-l 



= 2%n 2 \\ -ia\ 2 [ V n _ l J )- (<V 



2(n-l) 
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Also, 



\-ie 6 \ 2n &e 



n 2 \a\ 2 \P(e i9 )\ p dO=n 2 \a\ 2 
Jo Jo 

r 2x 

= n 2 \a\ 2 Ifl-ie' 8 )"! 
Jo 



r 2% 

2 d9 



■+(-i)-( n ](^ri^d0 



-2%n 2 \a\ 2 ( n ) . (7) 



2« 



-;'a| 2 <27t« 2 |a| 2 



Using (6) and (7) in (4), we get 

-ft")' 1 

This implies 

n|l-;a| 2 <2(2«-l)|a| 2 . (8) 
Setting a = r*j8 in (8), we get 

«(l+j3) 2 <2(2n-l)j3 2 . 
This inequality can be written as 



Since j3 > 1, we have 



n — \j2n{2n — 1) \ ^ n — \j2n{2n — 1) 
3n — 2 / — 3n — 2 

_ 2(n- 1) + v /2«(2n- 1) 



3n-2 



>0 



and hence from (9), it follows that 

( n + v /2n(2n- 1) 

This gives 

n+ v /2n(2n-l) 



>0. 



J3> 



3n-2 
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which clearly contradicts (5). Hence inequality (4) is not, in general, true for all polyno- 
mials P(z) of degree n > 1 . 

However, we have been able to prove the following generalization of (2) to the polar 
derivatives. 

Theorem 1. If P{z) is a polynomial of degree n, then for every complex number a and 
P>1, 

2n •) 1/.P f r 2K ~\ l /P 

|D a P(e' 9 )|"d0 <n(|o| + l) / \P(j e )\ p dO\ . (10) 



Remark. If we divide both sides of (10) by \a\ and make \a\ — > «>, we get inequality (2) 
due to Zygmund ifTTl . 

For polynomials P(z) which does not vanish in the unit disk, the right-hand side of (2) 
can be improved. In fact , in this direction, it was shown by De-Bruijn [4| that if P(z) does 
not vanish in \z\ < 1, then for p > 1, 

f f 2n •) l /P ( r 2n ~) l /P 

U |P'(e' e )|'M0| <«C P U \P(e i9 )\Pd6\ , (11) 

where 

r i r 2n n \ -Vp 

c ' = {t„L |1+e " l "" i } ' <12) 

Inequality (1 1) is best possible with equality for P(z) = az" +b, \a\ = \b\. If we let p — > °° 
in (11), it follows that if P(z) + for \z\ < 1, then 

max|P'(z)| < ^max|P(z)|. (13) 

[z|=l 2 |z|=i 

Inequality (13) was conjectured by Erdos and later verified by Lax (6). Aziz jT| extended 
(13) to the polar derivative of a polynomial and proved that if P(z) is a polynomial of 
degree n which does not vanish in \z\ < 1, then for every complex number a with \a\ > 1, 

max|D a P(z)| < jj(|a| + l)max \P(z)\. (14) 
|z|=l ^ \z\=l 

The estimate (14) is best possible with equality forP(z) = z" + 1. If we divide both sides 
of (14) by | a | and make \a \ — > «>, we get inequality (13) due to Lax (6). 

While seeking the desired extension to the polar derivatives, recently Govil et al 
have made an incomplete attempt by claiming to have proved the following generalization 
of (11) and (14). 

Theorem 2. IfP(z) is a polynomial of degree n which does not vanish in \z\ < 1, then for 
every complex number a with \a\ > 1 and p > 1, 

2k -\ l /P ( f 2% 1 VP 

|D a P(e' e )|"d0j <n(\a\ + l)cJJ o \P(e ie )\"dei , (15) 
where C p is defined by (12). 
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Unfortunately the proof of this theorem, which is the main result (Theorem 1.1 of Q) 
given by Govil, Nyuydinkong and Tameru is not correct, because the claim made by the 
authors on page 624 in lines 12 to 16 by using Lemma 2.3 is incorrect. The reason being 
that their polynomial 

D a P„(z) + e r {nazP„(z) + (1 - az)zP' n {z)}> z = e' e , 
in general does not take the form 

n 

£ l k a k z k , z = e' e 

k=0 

where 

fl.(z)=i>*z* 

k=0 

and the complex numbers l k defined by them on page 624, line 10, by 
L(P n (e ie )) = [AP„(e m )} e=0 ^ 1 £l k a k 

k=0 

along with the equation (24) of 1 5 1 . 

It is worthwhile to note here that if we take 

L(P„(e' 9 )) = [nP n (e d ) + (a-e ie )P»(e ! '%=0 

and use the same argument as used by Govil et al (page 624, line 10 of 0), then in view 
of the inequality 

\D a P{z) | < n | a | max \P(z) | for \z\ = 1 

(see Theorem 4 with k = 1 of [3]), the above bounded functional has norm N < n\a\. 
Therefore, if we use Lemma 2.3 of [5 1 which is due to Rahman (Lemma 3 of O), it would 
follow that 

2n ~\ l /P ( r ln \ l /P 

\D a P(e' e )\ p d9 I <n\a\<J |P(e' e )|"d0 

for every p > 1 and \ a\ > 1, which is not true in general as shown above. 

Here we shall also present a correct proof of Theorem 2, which shall validate Theo- 
rems 1 .2 and 1 .3 of Govil et al J5) as well. Finally we shall also present a short proof of 
Theorem 1.3 of 0. That is, we prove the following. 

Theorem 3. If P(z) is a self-inversive polynomial of degree n, then for every complex 
number a and p > 1, 

\D a P(e ie )\Pdei <n(\a\ + l)C p lj Q |P(e'' e )|'d0j , (16) 
where C p is the same as in Theorem 2. 



2. Lemmas 



For the proofs of these theorems, we need the following lemmas. 
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Lemma 1 . IfP(z) is a polynomial of degree n which does not vanish in \z\ < 1 , and Q(z) - 
z"P(l /z), then for every complex number a with \cc\ > 1, 

\D a P(z)\<\D a Q(z)\ for\z\>\. 

Lemma 1 is due to Aziz (p. 190 of HI). 



Lemma 2. IfP{z) is a polynomial of degree n and Q(z) = z"P(l /z), then for every p > 
and p real, 

2k pin rlz 

\&(e w ) + e i l } P'(e ie )fd0dp<2im p / \P(e ie )\ p d9. 



Jo Jo 

Lemma 2 is due to Aziz [2| (see also (8)). We also need the following lemma. 



Lemma 3. If P(z) is a polynomial of degree n,P(0) =fi and Q{z) = z"P(l/z), then for 
every complex number a, p > 1 and /3 real, 

2k p2k r2n 

DaQ{&' e ) + ^D a P{t i6 )fdd^<2nn'\\a\ + \) p |P(e' e )| p d0. 



JO 

Proof of Lemma 3. We have by Minkowski's inequality for every p > 1 and j3 real, 

2k r 2n •} Up 

A>e(e' e )+e^D a P(e'' e )|"dedj3 



70 



2k i-2k 

nQ(e ie ) + (a-e' e )e'(e' e )) +e'' 3 (« J P(e , ' e ) 



o Jo 



(a-e'' e )P'(e , ' e ))|"d0dj3 



Up 



2k i-2k 

nQ(e m )-e ie Q'(e w ))+^(nP(e ie )-e w P'{e ie )) 



o Jo 



. Up 

+ a(e'(e' e ) +e^P , (e ,e ))|"d0dj3 



r 2K r 2n 

{ / o J o |(«e(e' e )-e'- 9 e'(e' 9 )) 

, Up 

+ ^(nP(e ie )~e ie P'{e ie ))\ p d9dp 



( p2k r 2n „ 1 UP 



Since Q(z) = z"P(l/z), we have P(z) = z"Q(l/z) and it can be easily verified that for 
< 9 < 2%, 

«P(e' e ) -e ,e P'(e'' 9 ) = e^-^Q^) (18) 
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and 

ne(e ie )-e'' e e'(e ,e ) =e' ( "- 1)e F(^). (19) 
Using (18) and (19) in (17), we obtain 

2k f 2n 1 l /P 

/ \D a Q(c i9 )+^D a P(c w )\Pd9dp 
o Jo J 

f rl% ,-2k , „ „ i l /p 

- 1 J J \ e p '( ei0 )+ e e ] Q'( eie )\ ddd P \ 

( c 2k r 2x •) l /P 

+ \a\\J J \Qf(eP)+tPP f (eP)\ p d8flp\ 

2k r 2n 1 VP 

/ |e'(e ie )+e^P'(e ifl )| P ded/3^ 
o Jo J 



a 



27T /-2jT „ „ 1 ^ 

/ \Q'(e w )+e ils P'(e w )\ P d9dp } 
o Jo J 



= (|o| + l) I jf j o |j2 , (e ifl )+e i V(e ie )| P d0d/3| . 
This gives with the help of Lemma 2, 

2K flit „ „ r2K 

/ \D a Q{e d ) +e^D a P(e' e )| P d0d/J < Wflal + If / \P(e ie )\ p dO. 
Jo Jo 

This completes the proof of Lemma 3. 



3. Proofs of the theorems 

Proof of Theorem 1. By Lemma 3, we have for every complex number a, p > 1 and j3 
real, 

r2% 1-2K r2% 

I / |D a e(e ,e )+e , ' 3 Z) a P(e' e )|'d0dj3 < 2rc« p (|a| + l) p / |P(e ,e )|"d0. (20) 
Jo Jo 

Using in (20) the fact that for any p > 0, 

I-2K 







\a + bef p \ p 6fi > 27zmax{\a\ p ,\b\ p } 



(see inequality (19) of |4j ). we obtain 

r fix „ i Vp r f 2jr Vp 

|jf o |D„P(e' e )| P d0| <n(|o| + l)|jf o |P(e' e )|"d0| . 

This completes the proof of Theorem 1 . 
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Proof of Theorem!. Since P(z) is a polynomial of degree n which does not vanish in 
\z\ < 1, by Lemma 1 we have for every complex number a with \a\ > 1, 



\D a P(z)\<\D a Q(z)\, for |z| = 1 



(21) 



where Q(z) =z"P(l/z). Also by Lemma 3 for every complex number a,p > 1 and j3 real, 

J o <J \D a Q{e d )+ePD a p{e 6 )\ p &pUe<2nn l >{\a\ + \y \p{e e )\<>&e. {22) 



Now for every real j3 and r > 1, we have 



|r + e^|>|l+e^| 



which implies 



JP \Pr 



"dp > / |l+e^| p d/3, P >0. 
Jo 

lfD a P(e ie )^0, we take r = \D a Q(e i9 )\/\D a P(e ie )\, and by (21) r > 1 and we get 

/ |Z) a e(e' e )+e , % aJ P(e'' e /d/3 
Jo 



= |D a P(e ! ' 9 )|f / 
Jo 

= \D a P(e ie )\P ( 
Jo 



D a P(e ie ) 



JP 



dj3 



o«e(e ,e ) 




D a P(e ie ) 





d/3 



f 2jr 



> 



\D a P(e w )\P ll+e^'djS. 
Jo 



ForD a P(e ,e ) = 0, this inequality is trivially true. Using this in (22), we conclude that for 
every complex number a with |a| > 1 and p > 1, 



/ |l + e^|"d/3 / |D„P(e<' e )|^e<2^(|a| + lW |P(e ie )|"d0, 
Jo Jo Jo 

which immediately leads to (15) and this completes the proof of Theorem 2. 

Proof of Theorem 3. Since P(z) is a self-inversive polynomial of degree n, we have 
P(z) = Q(z) where Q(z) = z n P(l/z). Therefore, for every complex number a, 



\D a P{z)\ = \D a Q{z)\ for all zeC, 



so that 



D a Q(e ld )/D a P(e l «)\ = l. 



Using this in (22) and proceeding similarly as in the proof of Theorem 2, we get (16) and 
this proves Theorem 3. 
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